47 EONVHD

‘31 ySneIy s Surod ajo1] ® sey
pIfos aqy g1 [ie 1sowe [am—(qiu
“B1,] 998) SpI|OS [[B IO} SYIOM BJNUI
-I0] MOU SIY} 1By} NoA 9OUTAU0D
M uonjejuswiiadxs o] vV
T=d—d+H
—A $8UINJ8(Q BNWLIO] [elouss 810U
A[IY817s 211 ‘80B] UOWIWIOD AUOC
jsea] 18 uo Iayjafol yoms ‘eipay
-A10d 4 JO s1S1SU0D 1T} PI[OS € 10
'Z=9+21—8 181} 0S5 (B] 8L 89%]) sa0
-1M9A g=A pue seBpo 7i=g ‘sooe]
g=4 seq ‘s[dwexs 10 ‘aqno Yy
pRIONIS
-uoo st usIpatjAjed a1y mo1 19)jew
ou Z=4+g-A uUay} ‘uocipaygilod
B JO [A) saonjaaa pue (i) sadpa ‘()
$90B] AU} JUNOD NMOA JI ‘Jely] pazl
-[Bal Ia[ng 'aqnd ® SB [INS ‘SA0B]
suerd Aq pepunogq 108lqo prjos
e s1 uoipeydjod ® 1B} [[EO8Y

I

DU a0k won] Beproa-aniunds 9861 o

"sJULIS B} MOTAq UMOYS §1 P8 ST} Y3noIy} adirs
B PUE ‘SPaT] WOPURI URISSTIES) 0M] &1} JO saJenbs Jo umns a1]) Se paumap sI sy,
Wopaal] JO 33138 0M] 1im P[] WOpURI palenbs-14d ¥ J0 SINOIUCI 0I9Z Ay}
aIe oIyMm ‘(311 wonoq) ssutns wopuel sonposd o) (e Wooq) Joosiaur Aoy,
‘(senfea mo]) ajdind ) (senjea YSiy) pal wor popod 10707 ‘SAUBJINS B} MO[8q
UMOI[S aIE $P[al] 8sal[} YINOIY] $30I[g "SP[8] WOPUBI URISSTIELY PIIB[TIUIIS 0]
JO SInOjuoY 0I97 oy} are (JIL pue o] do}) S90BMNS WOPUEL 0M], JJBACT) JUOL]

‘eIipayA[od moqe
uonealssqo s Ieny [YIIm uedaq
JT2SH J1ISTISIORIBYD I8Ny a1} ‘Aln)
-u8d Ylgl 8yl JOo uelDBUWIYjRU
argrord jsow ayl ‘(£84T—L0L1)
Ig[ng PIBJUOST Ia}je palieN

INSLIdDBIBYD

Jany ayJ, :ASojodoy,

‘D1ISLIal0RIBYD JBNY a1l ‘ABo
—[Odo], JO S[00} [BJUSWIRPUNY 3]} JO

8U0 0] UOTIONPOLUT Y2INb ® yiim
urdaq sn 397 JYUl] 91 ST SIS
‘so1saydomnse pue suidewr
[ESTpeW Jo Seale SUIZIeWe Almau
ur swejqoad Bursserd Alea awios o}
sonsyeys pue ‘Auqiqeqoad ‘ABojod
-0} ‘Aneuwosd Jo SIMIXTUW B JO SUOT
-eordde 3urjeurose] awos punoj
SB[ JI0M JU8091 STUOG ;SITISIIE)S
yilm op 0} s11) sBY Jey AL "adeys pue
ABojodoy jo Anewoad ulepour a1}
g sa[sue pue saul Jo Anauoal
811 30U ST a[}1} 813 Ul ANRWoas 8y [,

AJISIOM [ Y1a)

sddew| wopuey
JO A1}9W09N) Y|

'so15Aydoajse pue duidewr [esipaw eia
$908 .12y JIOMSUE AU | ;SO1SIIPIS YIIM Op
0} aney A3ojodo; pue A13pwioad op jeym




-

(a) 8-12+6-1=1

(d) 48-100+64-13=-1

(b) 16-28+16-3=1

{e) 56-120+78-16=-2

(c) 32-64+40-8=0

(f) 64-144+108-26=2

Figure 1. The Euler characteristic (EC) of a solid is the number of vertices — edges + faces — polyhedra. For a single poly-
hedron (a) or several joined together (b), the EC = 1; if there is a hole in the solid (c) the EC = 0; and the EC decreases by
1 for each extra hole (d, e); in (f} the central cube is missing so the solid is hollow, in which case the EC = 2,

like a doughnut (see Fig. 1c), then
the result no longer holds. In fact,
the result is V-E+F-P=0 for any
solid with just one hole.

Too bad! But this does not deter
a good mathematician—far from
it—it opens up vast new possibili-
ties! What happens if there are
two holes, like a figure 8 (see Fig.
1d)? Then it turns out that V—E+F—
P=—1, and so on: each hole re-
duces V-F+F-P by 1.

So now suddenly we have a fas-
cinating new tool. We can count
the number of holes in a solid us-
ing the formula V-E+F-P; it has
the very interesting property that
no matter how the solid is subdi-
vided into polyhedra, the value of
V-E+F-P is invariant. Thus is
born the field of topology: We de-
fine the Fuler characteristic (EC)
of a solid as simply EC=V-E+F-P
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for any subdivision of the solid
into polyhedra.

Thus the EC of a pretzel-shaped
solid (Fig. 1e) is =2: +1 for the
solid part (the part you eat), and
-3 for each of the three holes, giv-
ing -2 overall. Have we covered
all possibilities? Not quite—if the
solid is hollow, like a tennis ball,
then surprisingly enough the EC is
2 {see Fig. 11).

Think you've got it now? How
about a solid shaped like a bicycle
inner tube? Answer: The EC is 0,
and if it has a puncture, then the
EC is —1.

One more slight generalization,
which will prove to be extremely
useful for practical applications:
Suppose we have a set of discon-
nected solids. No problem—we
can divide them all up into poly-
hedra, apply the formula, and sum

everything. Thus if the set consists
of several disconnected compo-
nents, with no holes, then the EC
simply counts the number of such
components.

Finally, to make it really useful,
suppose we start off with a set in
three dimensions with a smooth
boundary, as opposed to a union
of polyhedra; how then can we
find the EC? The answer is to
cover the set with a cubical lattice
(any lattice would do, but a cubi-
cal one is the simplest). If the lat-
tice is fine enough and the bound-
ary is smooth everywhere, then it
can be shown that the EC of the
lattice inside the set equals the EC
of the set itself.

To sumnarize, we now have a
completely general tool, the EC,
that tells us a lot about the topology
of a set. If the set is composed of
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Figure 4. Plot of the observed EC of the set of high-density regions of the real galaxy data (points), and the expected
EC from the formula (curve) for a Gaussian random-field model, plotted against the density threshold. The chserved
and expected are in reascnable agreement, confirming the Gaussian random field model: high thresholds produce a
“meatball” topology (Fig. 2a); medium thresholds produce a “sponge” topology {Fig. 2b), and low thresholds pro-

duce a “bubble” topology (Fig. 2c).

many disconnected components,
each containing relatively few
holes or hollows (called a “meat-
ball"” topology in astrophysics)
then the EC is large and positive
(Fig. 2a). If the components are
connecled together by a network of
“hridges” (rather like mozzarella
cheese) to form many holes, then
the EC is negative; this is called a
“sponge” topology (Fig. 2b). If the
network dominates to such an ex-
tent that the set consists of many
surfaces surrounding isolated
voids (rather like Swiss cheese),
called a "bubble” topology (Fig.
2c), then the hollows dominate and
the EC i{s once again positive. We
are now ready for the applications.
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Astrophysics: Large-Scale
Structure of the Universe

One of the most fascinating prob-
lems in astrophysics is the large-
scale structure of the universe.
Ever since the discovery of galax-
ies, it has been realized that galax-
ies themselves group together to
form clusters, and these group to-
gether to form superclusters. With
more accurate observations and
larger galaxy surveys, it became
evident that galaxies were not
scattered throughout the universe
in a random fashion.

Instead there are large voids,
completely free of visible matter,
surrounded by strings and even

sheets of galaxies; one such has
been named the “Great Wall” by
astrophysicists. It is of great inter-
est to build models of the forma-
tion of the universe that could ex-
plain such structure, and compare
the results of these models to the
structure we ohserve today (see
Sidebar 1).

This is where the EC came in. In
a series of articles in the Astro-
physical Journal, starting in the
mid-80s, Richard Gott and his col-
leagues at Princeton used the EC
as a descriptive tool of the topol-
ogy of large-scale structure. As-
tronomers had produced a 3-D
map of all galaxies in a certain re-
gion of the universe (called the
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Fractal Models for
Galaxy Density

Fractal models for galaxy density
have been proposed by Mandelbrot
{1982) to describe the grouping of
galaxies into clusters, strings, and
sheets. Recall that a fractal has the
property that it looks similar at all
scales, that is, galaxies group to-
gether in clusters, the clusters group
together in superclusters, which
themselves join together to form im-
mense structures such as the “Great
Wall,” a recently discovered sheet of
galaxies stretching across a large
poertion of the observable universe.
One of Mandelbrot's models is based
on a random walk {Mandelbrot 1982,
p. 136). Start at one point, jump a ran-
dom distance in a random direction
and mark the spot with a galaxy.
Jump again from this galaxy, and
mark the new spot with another gal-
axy. Repeat this process indefinitely.
Depending on the distribution of the
jump distance, different patterns of
galaxies emerge. If you choose a
jump with a finite mean but an infinite
standard deviation, then the patterns
begin to look interesting. Mandelbrot
suggested a jump probability density
proportional to the distance raised to
the power —21. The result is known as
a Rayleigh-Lévy random “flight"—
rather than “walk”’—because it occa-
sionally takes very large jumps. The
pattern of galaxies that it produces
does resemble those actually ob-
served (Fig. 5), although there is no
physical explanation for the jump
process itself.

Chi-Squared Random Fields

Where is the link to random fields?
Hamilton (1988) calculated the ex-

Sidebar 1—Cover Story

pected EC (Euler characteristic) of
excursion sets for Mandelbrot's
model. Strangely enough, they agree
exactly with those of a so-called ¥?
(chi-squared) random field with two
degrees of freedom. This is defined
as follows. Take two smooth inde-
pendent Gaussian random fields, say
Z, and Z, (Sidebar 2), then the % ran-
dom field is defined as Z2 + Z5. Such
random fields have very peculiar
properties when the threshold is set
close to zero. The excursion set, in-
stead of consisting of isolated hol-
lows, corresponding to local minima
of the field, consists instead of strings
of hollows which form closed loops
with no free ends (outside front cover,
bottom right panel). The explanation
for this curious phenomenon comes
from the fact that if the %2 field is zero,
then each of the component fields
Z; and Z, must also be zero. Now the
zero set of a smooth Gaussian field
is a sort of 3-D contour in space; it
consists of a smooth surface with no
free ends (outside front cover, top left
and right panels). The places where
both Z, and Z, are zero are the places
where these two smooth contours in-
tersect {(outside front cover, bottom
left panel). A moment's reflection will
convince you that the intersection of
two smooth surfaces must be a string,
closed to form a loop.

Knots in the Excursion Set

Knot theory has always been an in-
terest of mine since Vaughan Jones,
one of my friends from my high school
and undergraduate days in New Zea-
land, became a well-known knot theo-
rist. For his contributions to knot the-
ory, in particular his discovery of a
new knot invariant now called the
Jones polynomial, he was awarded

the Fields Medal, the equivalent of the
Nobel Prize {there is no Nobel Prize
for mathematics), and he was made
a Fellow of the Royal Society. So as
soon as | hear the word “string” | im-
mediately think of knots. Can these
zero-sets of ¥° fields ever be knotted?
That is, is it possible for two smooth
surfaces to intersect and form a knot?
For a iong time | thought the answer
was no. | just couldn’t see how it could
be done. | mentioned this to Vaughan
one day after we had been wind-surf-
ing on San Francisco Bay. After he
came out of the shower, he said that
not only could he find such a pair of
surfaces, but any knot could be
formed as the intersection of two suit-
ably chosen smooth surfaces. Figure
3 shows how to do it for the simplest
knot, the trefoil (Fig. 3a). An elemen-
tary theorem in knot theory says that
any knot can be represented as the
boundary of a two-sided surface, its
“Seifert representation” (Fig. 3b,c).
The fact that the surface is two-sided,
as opposed to a one-sided surface
such as a Mdbius strip, is crucial to
the success of the proot (I have col-
ored one side green and the other
blue). Now thicken the surface (Fig.
3d) and carefully cut it in half, sepa-
rating the two sides (Fig. 3e). Now
take out some sandpaper and smooth
the two pieces (Fig. 3f) and push
them back together so that they inter-
sect (Fig. 3g). The intersection (Fig.
3h) is the knot we desire (Fig. 3i). So
there it is ... although there are some
details to fill in to complete the proof,
it seems likely that the zero-sets of
y? fields, and perhaps also the areas
of zero density in the Mandelbrot frac-
tal modet for galaxy density, can form
knots. This may be nothing more than
a mathematical curiosity with no prac-
tical relevance ... but who knows?

Medical Images: Positron
Emission Tomography

For a long time I had been doing
some statistical consulting work
for the Montreal Neurological In-
stitute. Nothing too demanding—
the odd f test or perhaps an analy-
sis of variance now and again.
But then in the summer of 1990
a new type of experiment was
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performed by the brain imaging
center.

In this experiment, a subject is
injected with a radio isotope emit-
ting positrons, which annihilate
with nearby electrons to release
gamma rays that are detected by
the center’s new Positron Emis-
sion Tomography (PET) machine.
By careful reconstruction, the re-
searchers are able to build up an

image of blood flow in the brain,
a measure of brain activity.

This opened up the possibility
of actually seeing which regions of
the brain were activated by differ-
ent stimuli, to actually see the
brain “thinking.” For a good intro-
duction, see the cover story of
Time magazine, July 17, 1995,

In one of the first experiments,
conducted by Dan Bub, a subject

Fig
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A random field is not an intimidat-
ing object; it is just a set of random
variables defined at every point in
space, a bit like a 3-D version of a
time series. A Gaussian random
field is one that has a Gaussian
distribution at every point and at
every collection of points. A sta-
tionary field is one that has the
same distribution at all points, in
other words, it looks the same eve-
rywhere, The simplest way of mak-
ing a smooth stationary Gaussian
random field is to start with inde-

Sidebar 2—The Gaussian Random Field

pendent Gaussian observations
(‘white noise’) at each point in
space, for simplicity on a fine cubi-
cal lattice, each with mean zero
and standard deviation one (see
Fig. 6a). Then smooth it with a
smooth kernel, such as a Gaussian
shaped kernel, that is take the
weighted average of the white
noise, weighted by the kernel {Fig.
6b). The roughness of a field, de-
noted by A, is measured by the
standard deviation of the slope of
the field relative to the standard

deviation of the field itself, It can
be shown that for a Gaussian ran-
dom field constructed as above, A
= v4log,2/FWHM, where FWHM is
the Full Width of the smoothing
kernet at Half its Maximum height.
For PET images, the FWHM is
measured experimentally by plac-
ing a tiny point source of isotope
into the PET machine (Fig. 6¢) and
measuring the FWHM of the resuli-
ing blurred image of the point
source, which should be an image
of the kernel itseif (Fig. 6d). '

multitude of tests and only report-
ing the significant ones, using the
usual 5% level for each test. There
are ahout 300,000 voxels inside
the brain, so we are carrying out
800,000 statistical tests. Here is
data dredging on a massive scale!

The classical way of correcting
for this is to divide the 5% level
by the number of tests, the so-
calied Bonferroni correction,
which gives a critical value of
t=5.10. This usually overcorrects,
however, since after all the voxels
are arbitrary and if we subdivided
each into eight voxels of half the
size in each direction, we would
divide now by 2,400,000 and ob-
tain an even larger threshold
(f=5.48). Thus the Bonferroni
threshold is not right. Instead we
need to know the probability that
the maximum of a smooth image
of Z values exceeds a threshold
value, then adjust the threshold to
attain a .05 probability.

The problem comes down to the
distribution or p value (the prob-
ability of a more extreme value) of
a random field maximum. This is
definitely not taught in an elemen-
tary statistics course, but after a
trip to our mathematics and statis-
tics library I discovered that in-
deed some work had been done on
this problem. No exact formula ex-
ists, but Russian prohabilists had
found approximate answers in the
early 1970s. The most fascinating
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aspect, however, from my point of
view, was a link to the EC.

Enter the Topologist

Simply stated, the probability of
the maximum exceeding the
threshold is well approximated by
the expected EC of the excursion
set (given by that big formulaj,
provided the threshold is high.
This result, linking the topology of
the excursion set to the local
maximum, was reported by Ha-
sofer, Adler’s thesis supervisor, in
1978.

The idea of the proof is very
simple: as the threshold increases
the holes in the excursion set (Fig.
9c) disappear until each compo-
nent of the excursion set includes
just one local maximum (Fig. 9d).
At this point, the EC counts the
number of local maxima. Raising
the threshold still further, until
only the global maximum remains
(Fig. 9e), the EC takes the value 1
if the global maximum exceeds
the threshold and 0 if it is below;
thus, for high thresholds, the ex-
pected EC equals the probability
that the global maximum exceeds
the threshold.

S0 now we have it—we can use
the expected EC for the p value of
the maximum activation. First we
must fill in the volume, surface
area, caliper, diameter, and EC of
the brain, which are 1,064 cc,
1,077 cm?, .1 cm, and 2, respec-

tively (the ventricles form a single
large hollow in the center of the
brain, visible in Fig. 7, that in-
creases the surface area, reduces
the caliper diameter, and gives the
brain an EC of 2, as in Fig. 1f). The
only remaining part is to use the
FWHM—Full Width of the
smoothing kernel at Half its Maxi-
mum height (Sidebar 2)—at 2 cm
to find A, equate the expected EC
to .05, and solve for . The result
is t = 4.22, much higher than 1.64,
but not as high as the Bonferroni
value of 5.10.

The resulting excursion set is
shown in Fig, 7h, and these are the
places that show significant acti-
vation. There is one in the visual
cortex and adjacent left extrastri-
ate and one in the left frontal cor-
tex, near the language area of the
brain.

Finally, Fig. 12 plots the ob-
served EC and the expected EC
against the threshold, as for the
galaxy data (Fig. 4). The main fea-
ture of interest is the larger-than-
expected EC for the high thresh-
olds (t > 3), attributable to the two
regions of activation noted pre-
viously.

Conclusions
The work described in this article

has linked together several ideas
from different areas of mathemat-
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Figure 8. The anomalies in the cosmic microwave background radiation—thought to be the signature of the creation
of the universe by the “big bang.”” The anomalies were discovered in 1992 by George Smoot and his coworkers at the
Lawrence Berkeley Laboratories.
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Figure 9. The EC of the excursion set of a random field in 2-D is the number of maxima (M) — saddles (5) + minima (m)
of the field inside the excursion set. For an artificial image (a), the EC of the excursion set for a low threshold (b) at ¢
=1is EC =4 -4+ 1= 1; (c) at t = 2.8 the local minimum disappears, leaving a hole, and EC =4 — 2 + 0 = 2; (d) at t=3.2
the hole breaks open leaving components with just one local maximum in each,and EC=4-0+0=4;(e)at f= 5.8,
just below the global maximum, EC = 1 -0 + 0 = 1; above the global maximum the EC is 0, so that for high thresholds
the expected EC approximates the p value of the global maximum; (f) is a plot of the EC against the threshold, .

R A

@_—_—

Figure 10. A generalization of Buffon’s needle is used to find the formula for the expected EC of the excursion set;
(a} a needle is thrown at random onto the floor; if the length of the needle is the same as the separation of the cracks
in the floor boards, then the probability of the needle crossing a crack is 2/x; (b) replace the needle with the search
region (square shape shown in 2-D) and the cracks with the excursion set of a random field, extended on all sides;
the Kinematic Fundamental Formula gives the expected EC of the points in common (black), which leads eventually
to the formula we want.
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Figure 12. Plot of the observed EC of the set of high-Z regions for the PET data (jagged line} and the expected EC
from the formula (smoeth line) if there is no activation due to the linguistic task, plotted against the threshold £. The
most interesting part is when t> 3, showing more EC than expected, confirming that some components of the excur-
sion set are due to the linguistic task and not the random noise. In particular, at = 3.3 we expect an EC of 1, but we
observe 4 (visible in Fig. 9g); at the 5% critical value of t = 4.22, we expect .05 but we observe 2 components (visible

in Fig. 9h).

ics, statistics, and probability to
solve problems in astrophysics
and medicine. It is a fascinating
area, still developing in different
directions and finding different
applications.

It has already been used for de-
tecting activation in the new field
of functicnal magnetic resonance
imaging (fMRI} (see the cover story
of Time magazine, July 17, 1995)
and for studying the recently dis-
covered anomalies in the cosmic
microwave background radiation,
thought to originate from the crea-
tion of the universe by the “big
bang” (see Sidebar 4).

No doubt more applications
will arise wherever there is a need
to interpret the geometry of ran-
dom images.
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